ABSTRACT. In this paper we shall prove a basic relation between the Frattini subgroup of the generalized free product of an amalgam 8= {A, B; H) and the embedding of 8 into nonisomorphic groups, namely, if 8 can be embedded into two nonisomorphic groups Gj = (A, B) and G2 = (A, B) then the Frattini subgroup of G = (A « B)fj is contained in H. We apply this result to various cases. In particular, we show that if A, B are locally solvable and H is infinite cyclic then *(G) is contained in //.
Introduction. In [8] Higman and Neumann asked of the Frattini subgroup <$(G) of the generalized free product G = (A * B)H of two groups A, B amalgamating the subgroup H:(i) Can $((7) = G? (ii) If <t>(G)C¡G, is $(G)CH>
Some progress towards answering these questions was made in [4] , [12] , [13] , [14] . Here we first generalize a result in [13] to give the complete solution in the case of A, B being finitely generated nilpotent groups, thus generalizing Theorem 2 of [14] and also Theorem 3.6 of [13] . This is Theorem 3.1.
In §4 a method which can be used to reduce certain general problems to one of studying generalized free products of subamalgams is introduced. It is then used to show as a special case that in any generalized free product of locally solvable groups amalgamating an infinite cyclic subgroup the Frattini subgroup is contained in the amalgamated subgroup. §5 contains a further application of this reduction procedure.
The notation and terminology will be the same as in [13] and are essentially standard. The definitions and results we need concerning permutational products of groups are given in §4. Throughout E is the identity subgroup of any group appearing.
Most of the results presented here have already been announced in [2] .
2. The basic theorem. We first prove the following far reaching result which is of interest in its own right. The proof is essentially an extension of that of Theorem 2.1 in [13] and is, in fact, motivated by that theorem. Here b0 and bn may both be 1. We choose the above way of representing c so that n is as small as possible. If c~1axcGH then because of the choice of c we must have axGH. But then [ax,c] GHCiN = E. Thus aj and c commute. This means that c~2axc2 =axGH. It follows that the first form in (1) may be rewritten as:
where b* = b0axbx GB. This contradicts the minimal choice of n. Thus c~ 1axcG H, so that after performing as much cancellation and amalgamation as possible c-1ajC is seen to be an element of G of odd length beginning and ending with an element from A\H. Similar remarks apply to the terms c~1aic (i = 2,3, • • •, n) and cbf~ l (i = 1, 2, • ■ ■, n -1). Then with c written as in (1) its normal form length as determined by the second form for c in (1) is clearly at least (length b0 + length c~x + 2n -1 + length c + length bn). This is clearly impossible for n > 1. On the other hand, c = b0 is also impossible. Hence c G (Ac , B). It follows that NC)^(G) = E. 
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A result similar to this holds for generalized free products of groups (see [9] ). Our reduction procedure is then as follows. Let (A, B; H) be an amalgam and (A, B;H) a subamalgam. If we can find a permutational product P on 04, B; H) which is not isomorphic to (4 * B)H then there exists a permutational product (choosing the transversals {s,}, {/.
•} as described above) on (A,B;H) which is not isomorphic to (A * B)H for otherwise the subgroup of (A * B)H generated by A, B would be simultaneously isomorphic to P and isomorphic to (A * B)H. But then there clearly exists a homomorphism of (4 * B)H to the constructed permutational product on (A, B; H) with a nontrivial kernel. This kernel is the sort of normal subgroup required to apply Theorem 2.1.
As an easy application of these remarks and to indicate more clearly our point of view we prove the following theorem: respectively then [p(CA(H)), p(B)] G V2 and so P G V2VjV2 # 0. Thus P ( CA(H) * B)H (see Lemma Gl below), and consequently there are permutational products on (A, B; H) which are not isomorphic to G = (A * B)H.' Mapping G in a natural way onto such a permutational product on (A, B; H) yields a kernel which is a nontrivial normal subgroup of G intersecting H trivially. Applying Theorem 2.1, the theorem follows immediately.
To prove the main results in this section we shall need the following results of Gregorac [6] , [7] .
Lemma Gl [7] . First choose transversals {uk}, {or} for UH and VH modulo H respectively by taking the uk from U and or from V. Now choose transversals {s¡} and {r} for A modulo UH and B modulo VH respectively. Then the {s¡uk} and the {tjOr} are transversals for A and B modulo H respectively, whilst the {SjU} and the {t¡V} are transversals for A/U and B/V modulo H/U n V respectively. Denoting by 21 the amalgam (A, B; H), by 5 the factor amalgam (A/U, B/V; H/(U n V)) and by P = P(2l, S, T) the permutational product on 21 using the transversals S, T, we have the following result of Gregorac [6] : Theorem G2 [6] . (î)Let 21, S} be as above. Let N = U= VGH and let J be the semidirect product P"N where P" is the automorphism group generated on N by A and B. Then with S= {s¡uk}, T= {tpr}, S' = {sfif}, 7" = {tjN} and W = 5' x T' x H/N, P can be embedded in J Wr (P', W) where P' = />(<}, S', T') permutes the elements of the set W' in the obvious manner (see [6, p. 114] ) and /Wr(P', W') is the unrestricted wreath product of J and P'. (i) and (ii) are Theorems 4.1 and 6.1 of [6] . We shall several times use (ii) taking U= Vr\H = E and VH = B so that D = V and P' is then isomorphic to A.
We shall also need the following easy result concerning permutational products of groups. In the following we shall restrict ourselves to the case when the amalgamated subgroup H is infinite cyclic. The case of H being finite cyclic has been completely settled by Tang [12] in which it was shown that 4>(G) (G = (A * B)H, and H finite cyclic) is precisely given by ($(A) n N, $(/?) n N) where AT is the maximal G-normal subgroup contained in H. A similar result for H infinite cyclic is not obtainable as shown by the example given on p. 572 of [12] .
Our main theorem on embeddings is: Proof. Let X, Y denote the last nontrivial terms of the derived series of A, B and let U, V be respectively the terms of these derived series which precede X, Y so that U' = X, V' = Y. (Note that our theorem is certainly true when one of A, B is abelian (Theorem 4.1) so we may assume throughout that A, B are both solvable of length > 2.) Note also that then U <1H, V'<£ H since U, V are not abelian. Let H = dh).
Case!. XCH.YCH and [UH : H] = [VH : H] = 2. Then [U:Ur>H] = [V:
VnH] = 2. Now U is not abelian and U n H < UH since H < UH. Therefore there exists an element a G U\H such that a2 G £/ C\ H and a~1ua = u~1 where U C\ H = du). Let a2-ul for some integer i. Then a2 =a~1a2a = a~1u'a = u~i = a~2.
Thus a4 = 1. But UC\H is infinite cyclic. It follows that a2 = 1. In the same way there exists an element b G V\H such that b2 = 1 and b_1ob = v~l where V C\ H = do). Consider the permutational product P on (UH, VH;H) with {l,a}, {\,b} as the chosen transversals. It is easy to check that, in P, p(a) and p(b) commute whereas a, b do not commute in (UH * VH)H. . By Theorem G2(ii) there exist permutational products P, Q on these amalgams such that P is embeddable in (T/Z x S/Z) Wr Q We then complete the proof as above.
In the remaining cases we may assume either X <2 H or Y <1H. Suppose, without loss of generality, the former.
Case 3. [XH : H] = 2 and YCH. Here [I:inr/]
= 2 and so X has at most two generators. If X is cyclic with generator x then either X has infinite order whence x2 = hs or else x has order 2. (For x2 G //; hence if x is of finite order x2 = 1.) In the first case h~xxh -x*x. This implies and h~lxh=x follows. Thus AT/ is abelian. Since U is not abelian we see that UH D XH and so [UH : H]> 3. Thus we can proceed as in Case 2 but replacing the subgroup X there by the subgroup X n // here, noting that, in Case 2, only the fact that X was a normal cyclic subgroup of A was used. Here X n // is characteristic in ^\T <3 -4 and so X O H < A as required. If X has order 2 then A" is central in XH and Aï/ = X x // follows. Lemma 4.2 is then applicable. By G2(ii), there is a permutational product P on B which is embeddable in T(X)}NtB, a solvable group. Thus, by Gl, P is not isomorphic to (t( Gregorac [6] has observed that certain amalgams are embeddable only in their generalized free products. Theorem 4.3 may be regarded as a step towards answering the general problem: "For which amalgams 21 is there a permutational product not isomorphic to the generalized free product on 21?" Related to this and the example given in [1] is the question: "If one of the permutational products on 21 is isomorphic to the generalized free product on 21, need they all be?" is abelian) such that N n H = E. Then NH = N x H. Thus applying the reduction process and Lemma 4.2 we are done. This is the case in particular when HCA has elements of finite order when we can take N = t(HCa ) or when HCA is not locally cyclic. For, in this latter case, there exists a two generator subgroup H such that H C¿ H Ç HCA with // not cyclic. Thus there exists a basis {hx, h2} fot H such that H = dh^ for some integer r. Writing Hx = OEx) and using (HXH, B;H) as the subamalgam we have reduced it to the above situation.
On the other hand if HCA is locally infinite cyclic then, as observed earlier, HCA must be cyclic. It follows that CA is infinite cyclic, whence Z = CA n CB would be a nontrivial normal subgroup in G. Considering G/Z and applying Theorem 1 [4] we immediately have that 4>(G) is contained in H.
This completes the proof. It is to be noted that the maximal condition on abelian subgroups of [A, H] and [B, H] is needed mainly because we cannot prove Case 3 of the above theorem when HCA is locally cyclic but not cyclic. If we can prove that Mß) is contained in H when HCA is locally cyclic but not cyclic then Theorem 5.1 can be strengthened by dropping the maximal condition on subgroups.
6. Final comments. A proof of Theorem 3.1 can also be obtained by applying the reduction process. The proof is then much longer than that presented. However, using the reduction process we can generalize the theorem somewhat, namely, the condition that A, B be finitely generated can be replaced by t(H) finite and r(H) C¿ t(A) or t(B). We omit the details. Moreover the reduction process also enables one to prove the above results for amalgams containing more than two groups with a single amalgamated subgroup.
